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Convergence of a Shock-Capturing Streamline
Diffusion Finite Element Method for a
Scalar Conservation Law in Two Space Dimensions

By Anders Szepessy

Abstract. We prove a convergence result for a shock-capturing streamline diffusion
finite element method applied to a time-dependent scalar nonlinear hyperbolic conser-
vation law in two space dimensions. The proof is based on a uniqueness result for
measure-valued solutions by DiPerna. We also prove an almost optimal error estimate
for a linearized conservation law having a smooth exact solution.

1. Introduction. In this note we continue the analysis of shock-capturing
streamline diffusion finite element methods (SC-metods for short below) for hy-
perbolic conservation laws initiated by Johnson and Szepessy [6], [7], where con-
vergence for Burgers’ equation in one dimension was proved using the theory of
compensated compactness. We prove here strong convergence in L°¢ for a SC-
method with piecewise linear elements applied to the following scalar conservation
law in two dimensions:

2
d
(1.1a) ut+2£f,~(u)=0 in R? x Ry = R3,
=1
(1.1b) u(z,0) = uo(z) for z € RZ,

where the f;: R — R are given smooth functions and we assume that the initial
data ug € Lo (R?) have compact support. The convergence result is obtained using
a uniqueness result by DiPerna [1] for measure-valued solutions by proving that the
finite element solutions are uniformly bounded in L., weakly consistent with all
entropy inequalities and strongly consistent with the initial condition. We also show
that the accuracy of the method when applied to a linearized conservation law is
at least @ (h3/2), where h is the mesh parameter.

The streamline diffusion method is a general finite element method for hyperbolic
problems which may be viewed as a certain combination of the standard Galerkin
method and a least squares method. In the shock-capturing streamline diffusion
method an artificial viscosity is added, with viscosity depending on the residual
of the finite element solution and a certain mesh-dependent parameter (here the
residual means the result of the hyperbolic operator applied to the finite element so-
lution). The shock-capturing streamline diffusion method combines @ (h%/2) accu-
racy (in the case of piecewise linear elements) with good stability obtained through
the least squares control of the residual and the shock-capturing artificial viscosity.
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528 ANDERS SZEPESSY

For more information on streamline diffusion finite element methods we refer to
Hughes and Mallet [2], Johnson et al. [4] and the references therein. An extension
of the convergence result of this paper to include also boundary conditions is given
in [9].

The shock-capturing artificial viscosity coefficients in this paper differ from those
in Hughes and Mallet [2] and Johnson et al. [7], where the artificial viscosity was
normalized by dividing by the gradient of the approximate solution. We compensate
by using here a smaller mesh-dependent parameter in the coeflicient of the artificial
viscosity. This makes no essential difference in the convergence proof for nonsmooth
solutions, but makes it possible to easily prove that the error for a linearized version
of (1.1) is of the desired order &(hk*+1/2) in regions where the exact solution is
smooth, when using elements of order k.

An outline of the paper is as follows. In Section 2 we give some background
“on Young measures and state the uniqueness result for measure-valued solutions
satisfying entropy conditions. In Section 3 we introduce the SC-method and in the
main Theorem 3.1 we prove that the finite element solutions U” converge strongly
in L}?C, 1 < p < 00, to the unique Lyo-solution u of (1.1) as the mesh parameter
h tends to zero. The proof is divided into Lemmas 3.1-3.3, which are proved in
Sections 4-6. In Lemma 3.1 we prove that ||[U"||L. is uniformly bounded in h
by proving Ly-estimates and letting p tend to infinity as in [7] in the case of one
space dimension. In Lemma 3.2 we prove that the Young measure associated with
U" is a weak solution and satisfies all entropy inequalities corresponding to convex
entropies. Finally, in Lemma 3.3 we prove convergence towards initial data as h
tends to zero by combining weak convergence and Lj-stability. In Section 7 we
prove error estimates for the SC-method applied to a linearized version of (1.1)
with smooth solution, thus demonstrating that the shock-capturing modification
in the SC-method does not degrade the accuracy for smooth solutions. We shall
denote by C a positive constant not necessarily the same at each occurrence and
always independent of A.

2. Measure-Valued Solutions. In this section we give the necessary back-
ground material on Young measures and measure-valued solutions of conservation
laws following [10], [11], [1]. Our convergence result is based on Theorem 2.2 below.

THEOREM 2.1. Let u; be a uniformly bounded sequence in Loo(R3), t.e., for
some constant K,

(2.1) ”“j"Lw(Rg) <K, 7=1,23,....

Then there exists a subsequence (again denoted) u; and a family of measurable
probability measures v, € Prob(R), y € Ri, such that suppv, 15 contained in
{z €R: |z| £ K} and the Lo, weak-star limit,

(2.2a) 9(u; (1) — 30,

exists for all continuous functions g, where

(2.2b) i) = /R 9(\) dvy = (v, 9(N))
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for almost all points y € R3. Here, v, being measurable means that (vy,g) 1s
measurable with respect to y for each continuous function g.

COROLLARY 2.1. The sequence u; in Theorem 2.1 converges strongly to u if
and only if the associated Young measure vy reduces at almost all points y to a
Dirac measure concentrated at u(y), t.e.,

(2.3) Vy = Bu(y)-
Since u; 1s uniformly bounded in Loo(RY), strong convergence in L°° for some p,
1 < p < 00, 18 equivalent to strong convergence in L}]“ for allq, 1 < ¢ < 00.

We can now define the measure-valued (mv) solution of (1.1) introduced by
DiPerna (1].

Definition. A measurable map v: y — vy € Prob(R) from the domain R3 is a

- mv solution of (1.1a) if
2

(2.4) %@/y, N+ a%“’y’ fi(\)) =0 in 2'(R3)

=1

i.e., in the sense of distributions on R3,

2
/R3 (¢t<y’ya’\)+Z<Vy,fi(/\))¢g;i) dzdt=0

+ 1=1

for all ¢ € %' (R3). Further, a mv solution v of (1.1a) is admissible if

2
(25) 1) + 3 (s (V) SO in D (RE),

for all convex entropy pairs (1,q) = (9,41, 92).

We recall that (7, q) is a convex entropy pair if the entropy n: R — R is continu-
ous and convex, the corresponding entropy flux ¢ = (g1,42): R — R? is continuous
and all #1-solutions u(z,t) of (1.1a) satisfy the additional conservation law

8 2.9 s
(2.6) 210w + ; b—z—iq,(u) =0 in2'(R3).
For smooth 7, (2.6) holds if and only if

n,f{=Q’l’,’ i=1’2’

which means that every convex smooth function n(u) forms an entropy pair (7, q)
provided that the corresponding entropy flux ¢ = (g1, ¢2) is defined by

u
aw= [ s, =12
0
We recall that the classical admissibility condition for a solution u to (1.1a) reads
3 N
. — — a. < H 1(pR3
(27) 577(1) + 2;1 5, 4w <0 in Z'(RY),

for all convex entropy pairs. The basic existence and uniqueness result for the
Kruzkov L,-solution u to the scalar conservation law (1.1), see (8], reads as follows:
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If ug € L1(R?) N Loo(R?), then there exists a unique function u € Loo(R3) which
satisfies (2.7) for all entropies 7y, of the form nx()\) = |A — k|, k € R, together with
the initial condition

lim lu(:,t) = uollz, (r2) = 0.

The following result [1, Theorem 4.2 and Remark 3] gives an extension of the
Kruzkov uniqueness result to measure-valued solutions.

THEOREM 2.2. Suppose that ug € L1(R?)NLoo(R?) and that v is an admissible
mu solution of (1.1a) generated by a uniformly bounded sequence u; in Loo(R3),
such that for some constant C

(2.8) /R vy, N} dz < C,

.1/t
(2.9) lim ;/O /Rz(z/y,|/\—-uo(x)|)dxdt=0.

t—0+
Then v 1s the Dirac solution vy = 6y, where u is the unique Lo -solution of (1.1).
According to Corollary 2.1 we then have u; — u strongly in L;,"c, 1<p<oo.

3. Formulation of the Method and the Main Theorem. In this section we
formulate the SC-method and give a basic Lq-stability result and some interpolation
estimates, which will be used below.

The SC-method is based on a space-time finite element discretization of R3
defined as follows. Let 0 = to < t; < t2 < -+ < tg = T be a sequence of time
levels with ¢, 11 —t, ~ h, set I, = (tn, tn+1) and introduce the “slabs” S,, = R? x I,
and the sets R2 = R? x {t,}. Let T be a quasi-uniform triangulation of R? into
triangles K with one right angle (cf. Remark 3.1), smallest angle uniformly bounded
away from zero and diameter hg ~ h. For each Ke ff‘,:’, let the prism K x I, be
divided into three tetrahedrons

T(K,1) = feab, T(K,2)=decb, T(K,3)= abce,

according to Figure 3.1, and form the corresponding “triangulation” T} = {T(K,7),
1=1,2,3, VK € T} of S, into tetrahedrons.

(4
1\
AN
c )
TR d
/ : \
/ 1 \
/ \
|
,/ RYA
~
/ ,/ ~ \
aL,f K S\ b

FIGURE 3.1
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Remark 3.1. The requirement that the triangles K e T,’: have one right angle
is technically convenient when proving Lemma 4.2 and Proposition 5.3. We expect
these results to hold also for a more general triangulation of R? x Ry. In [9] we
prove the corresponding results for a general triangulation of R x R,. O

Define

Vp = {v € H'(Sn): vl x € Py(K) YK €T}, v| g2\ag,, ,, = o} ,
Q.5 = {(z,t) € RS : |z] < s +t5'}, s,8' >0,
Tw=J 77,
n>0

where P;(K) denotes the set of linear functions on K, R = max{|z|;z € suppuo}

and M is a positive constant to be defined below. In other words, V; consists of
continuous piecewise linear functions on the slab S, which are zero for large |z|.

" We shall seek an approximate solution U? in the space Vi = [[)_, V7, ie.,

for n = 0,1,2,...,N we will have U*|g, € V;*. Note that the functions in Vj

are continuous in r and possibly discontinuous in ¢ at the discrete time levels ¢,.

The SC-method for (1.1) can now be formulated: Find U* € V}, such that for

n=0,1,2,...
2
/ L(UM) (v+6 (vt +Zf{(U")vzi)) dzdt +/ (Ur — Uy, d
Sn =1 Rizl
(3.1) +/ e1(UM)VU? - Vv dzdt
Sn

+/ e2(UMVU" - Vovdzdt =0 Yo €V,
Sn

where

2
L™ =UL + D (fiUM)e,,

i=1
e1(UM) = 8|LUM|(1 + 71U+ |£2:(UM)),
e2(U*) = 8|0,
v(t) = sg%li v(-,t+ ),
. (UF = UP)(z)| knrz if dz >0 for K € TP,
Uz, t)| k = " KNR2
0 otherwise,
U- (’0) = uO(')’

2
Vew- Vv = E Vg, Wa,,

i=1

Vw- Vv =wv, + Vow- Vo,

and the positive parameters 8, 8, 5 satisfy
h/6 - 0and §/h'1™¢ -0 ash—0, Ve >0,

§=Ch, §=Cho2,
where%<a1<2,%<a2<l.

(3.2)



532 ANDERS SZEPESSY

Existence of a solution to (3.1) follows from a variant of Brouwer’s fixed point
theorem as in [5]. From now on, U = U" will denote a selution of (3.1). Our main
result is the following

THEOREM 3.1. The solutions U" of (3.1) converge strongly in LI°°(R3) for
1 < p < 00 to the unique Lo -solution of (1.1) as h tends to zero.

The proof is divided into three steps: Lemmas 3.1-3.3.
LEMMA 3.1. There is a constant C such that the solutions U" of (3.1) satisfy
IUMle(rs) £C, 0<h<L

LEMMA 3.2. There is a subsequence of the solutions U of (3.1) that generates
an admissible mv solution v of (1.1).

LEMMA 3.3. There is a constant C such that the mv solution v in Lemma 3.2
satisfies

/ (v W) dz < ©
RZ

and the initial condition

Jim, / (s 1A = uo @) de dt =

Theorem 3.1 now directly follows by combining Lemmas 3.1-3.3, Theorem 2.2
and Corollary 2.1.

Next, we give the following basic Lo- stablhty result obtained by taking v = U*

n (3.1):

/ (U?)? da:+Z/ Ur —U")dz+25 | (L(U™)*dzdt
R/2v+1 n=0 sV
(33) +2/ el(U")|VU"|2d:zdt+2/ e2(UM|VU|? dz dt
SN SN
< [ (w)d
R2

where SV = U,I:lzo S, and integrals over SN are interpreted as a sum of integrals
over the S,.

We shall need the following standard interpolation error estimate (3.4),
“superapproximation” result (3.5) and inverse estimate (3.6), where 7w € V), is
the usual piecewise linear interpolant of a function w € I1,>0%(S»). A proof of
the superapproximation result is given in [7].

LEMMA 3.4. There are constants C such that for w € WP (w)NE(S,), v € Vj,
n=012,...,

(3.4a) [w—Twllwrow) < CR Hlwllyscow)y  §=1,2 k=0,1, p= oo,
(34b) "'LU - leIH"(w) S ChQ—k"‘U)”]'Jg(w), k = 0, 1, p= 2,

llow — m(vw)lwx.oo(w)

(3.5a) -
< Ch! k”v"Loo(w)”w”W“w(w)’ k=0,1, p= o0,
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lvw — 7 (vw)|| gx (w)

(3.5b) z
< CR' Hlollp o (wll oy + Rllwl o))y k=01, p=2,

lvw — 7(vw)lL, Rz

(3.5¢) o
SCh vl Lo(sa) (lwllmr (s, + Allwllga(s,y),  P=2,

(3.6a) IVollz,w) < Ch™HvllL, (), 1<p<
(3.6b) 0]l L (50) S CRT3 0l Lo(s0)yy P=2,
where w = R2,S,,, KNR2 or KNS, for K € Ty, and W*P(w) is the usual Sobolev

space (here dot denotes seminorm and W2 = H?).

4. Proof of Lemma 3.1 (The L-Estimate). In order to prove the Lo.-
estimate of Lemma 3.1, we shall need the following two preliminary lemmas.

LEMMA 4.1. There are positive constants ¢ and C independent of p such that
forp=2m, m=1,2,3,..., andn=0,1,2,...
ch
=2 S N AR AN W
KNR2

P™ kerp

< / 0IV,U - V. (r(UP1)) dadt,
Sn
ch/ Uy = U_|VaUs - Vavs dzs/ (T U, - V40| dz dt
R2 Sn

< Ch/ Uy = U_||ValUs - Vavy|dz Vo € Vi,
R

The proof of Lemma 4.1 is a simple combination of the proofs of Lemmas 4.1-4.2
in [7].

LEMMA 4.2. There is a constant ¢ > 0 independent of p such that for p = 2m,
m=123,...,andn=0,1,2,.

/ )V IR a2 G T / &1 (U)|VUPIUIE2 . dodt.
n KEeTy
Proof. Consider a tetrahedron K € T}*. Since
VU -Vr(UP )|k and |[VUP|UIT
are constant on K, it is sufficient to prove that

VU - Vr(UP~1) > IVU|2"U"L (K)*

Define the function f,: S3\{:!:§(1, 1,1, 1)} — R by

fo(y1, 92,93, y4)
- - A - w) e - s v -

- 2 _p-2 .p-2
((y1 = ¥2)2 + (91 — ¥3)? + (y3 — ya)2) max(yP 2,407 2 4272 427 2)
2 p-2- 2 p-2- -2 po2-i g
= w) T T A  — )2 T T (e )2 v T
- p—2 -2 :
(w1 —y2)2 + (y1 — ¥3)? + (y3 — ya)2) max(yP 2,407 2 4272 4272
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We note that f, is continuous on S3, and after an appropriate choice of coordinate
directions we get by the definition of f,

VU V(U 2 inf, L) VUPIUN -
We have

hw) > 1@ w2007+ U + (1 - ws) WP+ ) + (s — 32T+l )
T4 ((y1 = y2)2 + (y1 — ¥3)2 + (y3 — ya)2) max(y? 2,957 2,457 %, 45 72)
Let us first assume that |y;|P~2 = max15i54(yf_2). If (y1—y2)2+ (y1—y3)? > 1/p?,

then we clearly have

(4.1) foy) > c/p”.
In the case (y1 — y2)? + (y1 — y3)? < 1/p?, we have

(4.2) (-y—")w = (1 - y—liﬂ)ﬂ > exp (—2(” — 2)) >e, i=2,3,

Y1 Y1 ply1

so that
1(y\"" (y1 — y2)?
flv) 2 4 ( ) (y1 —2)? + (y1 — y3)? + (y3 — v4)?
L (zﬁ)’ (y1 — v3) + (ys — ya)’
4 \y1 (y1 —y2)? + (y1 — v3)? + (y3 — y4)?

>c,

which proves (4.1).
Next, we consider the case |y2|P~2 = maxi<i<a(|yi[P~2). If |y1 — y2| > 1/p, then
(4.1) follows directly, while if |y; — y2| < 1/p, then we have as in (4.2)

fp(y) > l(yl/yz)p‘2((yl _ y2)2 + (y1 - y3)2) + (y3/y2)p—2(y3 _ y4)2

4 (y1 —¥2)? + (y1 — ¥3)2 + (y3 — y4)?
S Le((yr —y2) + (1 — 93)®) + (3/2)" 2 (ys — y4)?
4 (y1 —y2)2 + (y1 — y3)? + (y3 — ya)? '

If now |y1 — y3| > 1/p, then (4.1) holds, and finally, if |y; — y3| < 1/p, then we
have |yz — y2| < |y1 — y2| + |y1 — y3| < 2/p, and as in (4.2) we obtain (4.1). By
symmetry, this proves (4.1) for all y € S3. O

Taking now v = 7(UP~!) in (3.1), where p is an even integer greater than 2, we
get

0=/ L(U)U”‘ld:cdt+/ Uy —U-_)(U4)P ' dz
n RZ

— [ Lyt = rwr-1)) dzdt —/ (Uy = U_)(UE! = n(UP~Y)) do
Sn R2

+6 /S L(U) ((Up-l)t +Zf:(U)(UP-1)xi) dz dt

-5 [ 1w ((U"-‘)t =70+ 3 AW, - w(U”-m..))dz dt

+/ e1(U)VU - Vr(UP~Y)dz dt
Sn

8
+/ 2(U)VU - Vor(UP)dzdt = > E}.

1=1
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Using the standard interpolation estimates (3.4) and the stability estimate (3.3),
we have

|E3| + |ES| < Cp*h(h +6) > / IL()| (1+Zj|f, )IVUPMUMLOO(K

KeTp

< Cp*—= /
6 KeTp Ko{|U|>1}

e1(U) VU PR UIIE ] (k) dzdt
+Cp2%6/ e1(U)|VU |2 dzdt =1, +11,,
Sn

where by Lemma 4.2

Cpihé

L] < (U)VU - Vr(UP~) dz dt,

and by (3.3)

N
> || < Cp*hS /8.
n=0

Further, using (3.3) and Lemma 4.1, we have

E<orn ¥ [ , 10 = U119V PRIV fcnm d
KeTp

< Cpn? / Us U190 U] N
K%T:‘" K“{|U|>1}I * I I” ILw(K“R’)
+Cp2h2/ IU+ —U-IIV;UIQ dz

RZn{|U|<1}

< Cpih |L7|v,U.vzw(UP—l)da:dHCp?h/ |U| |V U|? dz dt.
Sn Sn

With the aid of these estimates we get by summation over n = 0,1,2,...,N for
p* < Cmin(8/(hé), §/h)

N
S [, wya- [ wya- [ o -vopwy
n=0YRL,, R R2
-2 hé h
+ép(p—1) [ (L(U))*UP~?dzdt < Cp? +z).
SN 5 5
Using now the convexity of the function U — UP, we have

WU-1, ns, ) + 600 = ) /S (L) U de

< "uOIILp(RZ) + Cps(h/§+ h6/3)
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The next step is to obtain Lp-estimates for all ¢ € (0,00). As in (7], we have for
th <t <tny1

tnt1
U C O, Rz = V-1 (e, ) ”p/t /m (UtUP-l +Zf"Up_lU") dzdt
1
tn+l 1/2
<SNU-IL, (g2 )+p</ (L(U))2U"‘2da:dt/ Updzdt>
P n+1 Sn t R2

<= s, )+ 80— 1) [ (LW)UP daa

Sn

p tnt1 »
T B0 /t NG, 9z, () ds-

Thus, by Gronwall’s inequality we obtain for ty <t < tn41
(4.3) UG ONT, g2y < € lluolly, g2y + CP*(R/E + h6/3).

This proves by (3.2) the existence of positive constants ¢ and «ag, independent of p
and h, such that

(4.4) sup [|U(-,t)||lL,(r2) £ C if4<p<ch™®.
t>0

Further, there is a constant C, independent of q and h, such that all v € V}, satisfy
the inverse estimate

(4.5) V4l (rz) S (Cah™)vsllL,(r2), 1< q <00,
which is proved analogously to Lemma 4.1. Finally, using (4.4)-(4.5), we have
10U Lnirs) = MUl Lon(rs) € ClOR™H)P sup [U (5 )l (r2)
< Cexple(l+ ap)h*°Inl/h) < C,
for h sufficiently small, which completes the proof of Lemma 3.1.

5. Proof of Lemma 3.2 (The Entropy Condition). To prove Lemma 3.2,
we first note that by Lemma 3.1 the solutions U” of (3.1) are uniformly bounded
in the Loo-norm, so that by Theorem 2.1 there exists a subsequence {U"} which
converges in the weak-star topology in Loo(Ri), and the limit can be represented
by a family of probability measures v, such that for all continuous state vari-
ables ¢

(5.1) 9(U"(y)) = (v, 9(N)-

Our next step is to prove that the Young measure v is an admissible mv solution,
i.e., that v satisfies in the distribution sense

3 2.9
(5.2) 5 WA+ > 35 v fi(A) =0,
1=1 t

and for all convex entropy pairs (7, q)

(53) 2 ) + 3 5 (4, 00) <0
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To prove (5.3), let (n,q1,92) be a smooth convex entropy pair. Let & €
B°(R? x Ry), ® >0, and partition ® as follows:

=9+,

where ¢,0 > 0, ¢ € E°(Qz,9,) and p € B°(R? x Ri\Qp,, pr). Taking
v=m(n'(U)¢) in (3.1), we get

0=/ L(U)n'¢da:dt+/ Uy —U-)ny¢dz
n R2

- /S L)' 6 — n(n'$)) dz dt — [ Uy ~U_)(0'é — w(n/ §))+ ds

R3
* /s Lw) (('l'¢>t +2 f{(n’¢)z..) dzdt
_6/ (77¢ _Wn¢‘+zf1'7¢ T(n'9))z )d:cdt

8
+/ e1(U)VU - Vr(n'¢)dzdt +/ e2(U)VLU -Vom(n'¢)dzdt = ZE;

n 1=1

Integrating by parts and summing over n, we have

_/;N (ﬂ(U)¢t+Zqi(U)¢Ii> de dt

(A

=—ZEE" s-gm

n=01=3

(5.4)
n(U-) <75dl'—/R2 (n(Us+) = Uy - U—)’l'(U+))¢d1)

Using now the convexity of 7, we see that the sum of the integrals over R2, Rn+1
is nonnegative.

PROPOSITION 5.1. There holds
8 .
lim inf > 0.
migt 2 R 2
PROPOSITION 5.2. There are positive constants ¢, C such that
”U”Lm(szlh\O,-Hl.M) < Ce—c/(h+6+3+3/\/3)’

where R = {|z|: = € suppug} and M s a positive constant to be defined below.
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We postpone the proofs of these results to the end of this section. From (5.4)
we get

_ /S ) (n(U)¢t+Zqi(U)<I>z,.) de dt

8
<-Y R - /SN (n(U)sot + ZQi(U)SO:n) dz dt
(5.5) i '
=— ZRi _ / (h(O)‘Pt + Z‘h’(o)‘Pze) dz dt
=3 sn i

+ ((n(O) —(0)er + 2 (a(0) - qi(U))soz,.) dzt,

where the first integral on the right-hand side is zero and the second tends to zero
as h — 0 by Proposition 5.2. Letting h — 0 in (5.5), using (5.1) and Proposition
5.1, we now obtain (5.3).

In order to treat all convex continuous entropies 7, we observe that a standard
regularization n° = 1 * w. maintains the convexity, and 7%, ¢7 tend to 7, ¢; uni-
formly. Here, w satisfies the following conditions:

weEX((-1,1), w20, / way=1, wy)=c"w(Y).
. R 13

By dominated convergence applied to (5.3) with n* — 1 we then obtain (5.3) in
the general case. Next, by taking n(A) = %A in (5.3) we get (5.2), thus proving
that v is an admissible mv solution.

It remains to prove the propositions. We shall estimate the R* using the estimates
(3.3)-(3.6) and the L -estimate in Lemma 3.1. We have

B3| + |R®| < Ch(h+6) /K LU 7'l d dit
KET)

<Chh+8) 3= [ ILWNVUP + VU1 + 1)olwaen ) da
KeTy

hé
<0% [ eOIVUL+Chh+ OILD)zuisv)
<cC (h—;- + h\/E) :
Using also Lemma 4.1, we have

N
RASSS S O [ (U = U-[(VaUP + 9201+ Dbllwce e do
n=0 KET KNRE

N 1/2
< Ch/ |U| |V U|? dz dt + Ch3/? (Z U, —u_ ||§2(R2))
SN "

n=0
<C (2 + h3/2) i
Fj
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Further,

RS =6 LU )2 "U )¢d$dt+5/ (¢t+z.fq,¢z,) U)dzdt

SN
> —C6||L(U)||,(sv) = —CVE.
To estimate R7 and R®, we shall use the following result.
PROPOSITION 5.3. We have
Ue(m(n'(U)))e 20, ViU -Va(n(n'(U))) 20.

Proof. We see that Uy(m(n'(U))); is constant on each tetrahedron K € Tj.
According to the construction of the tetrahedrons K, there is for each K an or-
thogonal coordinate transformation in the z,zq-plane such that K always has
one edge in each coordinate direction. Hence, let (z,z2,t), tj < t < t5, be
such an edge of K; then the sign of Ut7r( "(U)): is equal to the sign of
(U(z1,z9,ty) — U(z1,z2,t5)) (' (U(z1, 22, 1)) — n'(U(21,%2,13))), which is non-
negative since 7’ is nondecreasing. An analogous argument in the z; directions will
then, after summation, complete the proof of Proposition 5.3, since V v - V,w is
invariant under orthogonal coordinate transformations. 0O

Let Py| k € Po(K) VK € T}, be defined by

(5.6) @¢|K=/I{¢dzdt/ </K dzdt) Vp € Ly(RY),

i.e., Py is the Ly-projection of ¢ onto the set of piecewise constants. Then using
(5.6), we have

= ¥ [ a0 -Virlo's) - x(r'Pe)) e

KeT),
KcsWN
+ Y /51 U)VU - V7r( 'P@)dzdt =1+11,
KeTy
KcsM
n<e ¥ / e )V (6 - PY)| o )| VU | d dt
KET), K
KcsM
<c 3 / e (U)(BVU2 + VUVl 1w (1) du dt
KeTy,
KcsM

1/2
50h/ el(U)|VU|2dzdt+C(/ el(U)|VU|2d:cdt||51(U)||L°°(3~))
SN SN

< Clh++/3/m),

where we have used that

(1= L0l Lo (k) < CRIIVEl Lo ()

and the inverse estimate (3.6) to obtain

et La(r2) < Cé/h.
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Next, by Proposition 5.3, and since & ¢ is piecewise constant, we have

= ¥ [ )0 Vat)Psdsd 0,
KeT, K
KcsM

so that
R” > -C(h+V&/h).

Finally,
RB= Y / e2(U)VU - Vo (n(n'9) — n(n'P)) dz di
K

KETy
KcsV

+ Z / e2(U)V U - Vor(n'Pe)dzdt =111 +1V.
KeT, 'K
Kcs®

As above, we get by Lemma 4.1

_ N -
mj < crs S /R NOIVU - V(o' (8 = P9))) de
n=0 n

— N .
<Ci8 ¥ % [ 101V:V1 192006 = POy da

KeT, n=0
Kcs™

<CF 3 [ 101VVI Vol (6 = POl i) dadt
KeT, K
KcsN

<CT 3 [ 11TV + 90Dl dr
Ker, " K
Kcs®

1/2
SCh/ e2(U)|V U dzdt +C (/ 62(U)IVIU|2dfcdtllfz(U)lle)
sV SN

<C(h+ \/%).
Finally, by Proposition 5.3,

=% / ex(U) VU - Vo (n(nf (U))) Pbdz dt > 0.
KeTy, K
Kcs™

Letting now h — 0 in the above estimates, we obtain Proposition 5.1. O
Proof of Proposition 5.2. Let us introduce the cutoff function

bont) = 1 fB(R+1-|z|)+t <0,
ny= { exp(—(B(R +1—|z|) +t)/7) otherwise,
where 1
=8 sw (If (), 1f2(w)])
[NV oo
h>0
and

r=C(h+6+8+38/h),
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where C is a sufficiently large constant. We now take M = 1/ in the definition of

V. Further, we note that )| R3\Qppim = 1 and 9 is exponentially decreasing in

Qiz+1,M' We then have for U = U* and N =1,2,3,... the following local stability

result:
1 /
2 R2

N+1

UEt/)dz+XN:/ (Uy —U_)pdz
n=0 szz

(5.7) +6 [ @)dsd+ [ e@)IVUPvdads
SN sv

+/ e2(U)|VLU|*9 dz dt so/ug¢dz.
SN

A similar stability estimate is proven in Theorem 1.2 of [4]. Since up € Loo (R?)
and suppug C {z: |z|] < R}, we obtain from (5.7)

Uydz < Cre P/,
Ry

so that by the inverse estimate (3.6b),

\/; -B/T
1N Leo((R\Q g 1) iE<T) S C € /

which is the desired result. 0O

6. Proof of Lemma 3.3 (The Initial Condition). Here we prove that the
L-stability (2.8) and the initial condition (2.9) are satisfied. First we note by
the definition of Vi that (V( ), |Al), i.e., the Lo weak-star limit of [U”(z,t)|, has
support in Qg 5\, (i.e., compact support in z for fixed t). Next, by the following
L,-stability,

(6.1) U C OllLa(re) < exp(Ch/6) ol (r2),

which is obtained from the stability estimate (3.3) by a Gronwall inequality as in
(4.3), we get

(6.2) IU*(, )L, (r2) < ClluollLyrzy,  t<T.

Now using that g(U"(z,t)) — (¥(z,),9(})) in the Lo, weak-star topology for every
continuous state variable g, we obtain from (6.1) and (6.2)

(6.3) / (Vo s A2) dz < / Wdz ae te(0,T)
R2 R2

and
/ (Ve AV dz < C ae te(0,T),
R2

which proves (2.8).
To prove (2.9), we shall use a technique (see [1]) which involves the following
weak convergence and the Lo-stability (6.3):

PROPOSITION 6.1. For ¢ € B} ({z € R?: |z| < R+ 2}) we have

lim [ (vz4),A)odz = /

ug¢ dz.
t—0 Jp2 R2
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We postpone the proof of this result to the end of~this section. Assuming first
that ug € %' (R?) and suppug C {z € R?: |z| < R}, we have with the aid of
Proposition 6.1 and (6.3),

lim sup/ (V(z,t), (A —ug)?) dz

(6.4) = lim sup/ V(1) A2 — ud — 2uo(A — wp)) dz
t—0 R2

< —2lim sup/ (V(z,¢)s A — uo)ug dz = 0.
t—0 R2
Further, by using that (v(g),|A — uo|) has its support in Q3 4o,m and Jensen’s
inequality, we get
lim sup / (e A~ wo(a)l dz
R

t—0

(6.5) 1/2
< Climsup (/ (V(z,t)r (A = up)?) dz) =0,
RZ

t—0

which proves the initial condition (2.9) for regular initial data. In the more general
case ug € Loo(R?) with suppug C {z € R?: |z| < R}, we let the functions f, satisfy
fn € & (R?), supp frn C {z € R?: |z| < R} and limp_,o0 || fr — o]l L, (r2) = 0, and
use (6.3) and Jensen’s inequality to obtain

: 2

}l_al(l) (I/(I £)> (A — ug)?) dz = nlgréo tll_I{(l) o (Va,ts (A= fn)?).
Now, as in (6.4) we have

lim lim [ (v(z4), (A= fn)?)dz =0,

n—oot—0 Jp2

so that
‘ 1/2
lim sup/ (V(a,t), A —uol) dz < lim C (/ (V(z,t), (A= up)?) dz) =0.
t—0 R2 ’ kt—->0 R2 ’

We now turn to the proof of Proposition 6.1. Let ¢ € B (R?), supp¢ C {z €
R?: |z| < R}, ¢ € 31([0,T)), ¥(0) = 1 and take v = m(¢%) in (3.1). Letting then
h tend to zero, we obtain as in (5.2)

/ / (V(z,t), AP dz iy dt
R4 R2
+/R+ /R2 % :((V(m,t),fi()\))¢zi)dx1/)dt+/RQ wod dz = 0.

Further, we define the functions A, B € Ly ((0,7T)) by
At) = /R (e M)z, Blt) = /R > W N (2)

Since vy is a measure-valued solution, we have A; + B = 0 in the sense of distribu-
tions on Ry. We note that B € L;((0,T)), which implies A; € L(0,T). Hence, A
has bounded vanatlon and lim;_,o A(t) exists. Taking now

(1 —nt)?, t <1/n,
0, t>1/n

(6.6)

(6.7) b= = {
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in (6.6), we get

/ wodds = — lim / A(t) (e dt = Tim A(2),
R2 n—oo [p2 t—0

which proves the proposition.
Remark 6.1. An alternative method to prove the initial condition (2.9) is to
establish the strong L; convergence

lim [[U* (1) = wollz, (r2) =0

by using standard error estimates with respect to a solution having smooth initial
data. This is possible, since for short times such a solution remains smooth. Using
this method, we get (2.9) choosing also § = Ch. Recall that to obtain (6.3) we
assumed h/§ — 0 as b — 0, cf. Remark 6.2.

Remark 6.2. The following argument, cf. 1], proves that Theorem 3.1 holds also
for the case § = h. Analogously to (6.6) and (5.3), we obtain

/ / <V(z,t),/\2)¢dl‘ Py dt
Ry JR2

(6.8)
+ _/R+ /RQ zi:“’/(m»t)ﬁi()\))%.)d-’“/)dt + /Rz(uo)2¢dz >0,

where g, are the entropy fluxes corresponding to the entropy A? and ¢, 4 are as in
(6.6). Using now that v satisfies (5.3) with 7 = A% we note (cf. [1]) that the integral

)= [ (e W0(o) da

has bounded variation as a function of ¢ and hence the limit lim;_,o A(t) exists.
Taking now ¢ as in (6.7) and ¢(z) = 1 for z € Q_, \s, We have by (6.8)

im [ (v A2) de < / (uo)26 .,
R2

t—PO R2

which combined with Proposition 6.1 proves (6.4) and (6.5) as above. We thus
conclude that Lemma 3.3 holds also for § = h.

7. Error Estimates for the SC-Method. In this section we prove that the
SC-method applied with piecewise polynomials of order k to the linear problem

d
L(u) = w +Zaiuz.~ =0 in R%x Ry,

i=1
u(+,0) = up on R,
with smooth solution has essentially the same order of convergence as the corre-
sponding streamline diffusion finite element method (see [4]) obtained by choosing
€1 = €2 = 0 in (3.1), i.e., @(h*+1/2). Introducing the bilinear form

(7.1)

By (v,w) = /SM L(v)(w + 6(L(w))) dz dt

M
+Z/ (v4 —v-)wy dz+/ vywy dz,
n=1 Rg Rod
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the SC-method for (7.1) can be formulated, now with V}, consisting of piecewise
polynomials of degree k: Find U € V}, such that for M =0,1,2,...

M (U, v) +/ €1(U)VU - Vuvdz dt +/ e2(U)VU - Vyvdzdt =/ Uov4 dz,
sM sM RE

with €; and €2 as in Section 3. For the quantity e = U — mu € V}, we have

By (e, e€) +/ €1(U)|Vel? d:cdt+/ €2(U)|V ze|? dz dt
sM sM

= Bp(u — mu,€) —/ €1(U)V(7u) - Vedz dt

(7.2) sM
-—/ eo(U)Vmu - Vedzdt
SM

=I1+11+ 11

Now
1 M
Bum(e ) = ) (”e—”ig(k‘,{,ﬂ) + Z lle+ — e_||%2(Rg) + |!e+||§,2(ng))

(7.3) n=1

+6 (L(e))? dz dt,
SM

and with the notation n = u — mu, we have
M+1

1
(14) I=Bp(n,e) < 5 Z ||77"L2(R¢)
+

l||77||L,(sw) +8IL(mIT, (sm)-
Further, by (3.6),
2 2(8)? 21,2
(L(U))* dzdt + —— |V(7u)|*|Ve|* dz dt

/s (L)) dzdt + % / (L(ru))? dz dt

II

IN
W | O 00| >

(7.5) <

6h?
and finally, by Lemma 4.1,

2
+CQ—)—||V7ru||%m/ e? dz dt,
SM

me< < / |U|? dz dt + Ch8? / |V omu|?|Ve|? dz dt
h S oM
(7.6) =,
Z les — e 112, e +C||V1wu||%wr/ €2 dz dt.
n=0 " SM

0'.)|n—-

Combining now (7.2)-(7.6) and the interpolation estimate (3.4), with V;* now
consisting of piecewise polynomials of degree k > 1, we get for u € H?(SM)n
W Lo ( SsM )
Bum(e,€) <Ch*(6+h%[6)+C | €*dzat.
SM
Thus by a Gronwall argument, as in (4.3), we have

B (e,e) < Ch?*(5 + h?/6).
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Using now (3.4), this proves that for M =1,2,3,...

(U - U)—|[L2(R 4i) + Z WU+ — U—||L2(Rd)
(7.7

IO = o)+ gy +6 [ (LU))? dads < CH*(8 + /),
SM

which for § = Ch gives the accuracy @ (h¥+1/2),
Remark 7.1. Following [4], we easily get local error estimates corresponding to
(7.7) away from regions where the exact solution is nonsmooth.
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